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CHAPTER I 
INTRODUCTION 
Object ive  
To f ind the  number  of  zeros  for  a  given complex funct ion,  analyt ic  in  
some region of  the  complex p lane ,  and isola te  each zero  to  wi th in  some 
predetermined accuracy.  
Background of  Methods  
A number  of  methods  are  current ly  avai lable  for  the  determinat ion of  
the  zeros  of  an  analyt ic  funct ion f (Z) .  The most  famil iar  and s imples t  c lass  
of  methods  a re  i tera t ive ,  such as  the  famil iar  Newton i tera t ion g iven by the  
* equat ion:  
Z n + 1  = Z„ -  f (Z„) / f ' (Z n ) .  
Such methods  work qui te  wel l  i f  the  approximate  locat ion of  each zero  is  
known in  advance,  whence a  more  ref ined approximat ion to  each zero  is  
g iven in  a  f in i te  number  of  s teps .  I t  i s  qui te  d i f f icul t  to  obta in  a l l  the  zeros  
of  f (Z)  wi th in  a  given f in i te  region wi th  only  the  use  of  i te ra t ive  methods  a t  
our  d isposal .  Fi rs t  of  a l l ,  for  any funct ion appl icable  to  computer  methods ,  
the  number  of  zeros  in  a  given region is  not  usual ly  known a t  the  outse t ,  
and for  th is  reason,  some of  the  zeros  may be  over looked and not  d iscovered.  
Also ,  i f  the  region conta ins  no zeros ,  a  long and frui t less  search could  be  
the  resul t ing  outcome.  Even i f  the  number  of  zeros  in  the  region is  known,  
the  i te ra t ive  method might  not  converge  or ;  poss ib ly  might  repeatedly  
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converge  to  the  same zero .  Of  course ,  there  is  no  problem wi th  th is  las t  
d i f f icul ty  in  the  case  of  polynomials ,  s ince  the  zeros  can be  removed f rom 
the  polynomial  as  they are  located ,  but ,  for  analyt ic  funct ions  in  genera l ,  
the  divis ion cannot  be  carr ied  out  expl ic i t ly .  
On the  o ther  hand,  i f  the  exact  power  ser ies  expansion of  f (Z)  is  
avai lable ,  methods  based on the  qd table  are  access ib le .^  Up to  the  
present  da te ,  these  methods  have not  been developed to  the  extent  of  
producing a  computer ized method of  so lut ion.  One undesi rable  fea ture  
of  the  above power  ser ies  method is  the  exis tence  of  a rbi t rar i ly  large  terms 
in  par ts  of  the  table  which g ive  r ise  to  cancel la t ion  errors  tha t  a re  not  
predic table .  A more  s igni f icant  object ion to  these  methods  is  tha t  in  
genera l  the  power  ser ies  expansion may not  be  avai lable  wi thout  an  
excess ive  amount  of  work.  
In  the  case  that  f (Z)  is  a  polynomial ,  there  exis t  severa l  specia l  
methods  to  determine i t s  roots .  A somewhat  extens ive  summary of  the  
methods  avai lable  in  1951 is  g iven by Olver .^  Severa l  methods  are  
discussed by Olver ,  in  par t icular ,  the  Ai tken-Bernoul l i  process  and the  
Graeffe  ( root  squar ing)  method and thei r  appl ica t ion to  a  hand ca lcula t ing 
machine .  Each of  the  methods  descr ibed wi l l  so lve  a  low degree  polynomial  
(degree  s ix  or  less)  wi thout  d i f f icul ty ;  for  h igher  degree  polynomials ,  such 
pi t fa l l s  as  i l l  condi t ioning and accumulat ion of  rounding or  cancel la t ion  
errors  have  to  be  contended wi th .^  
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Since  1951 there  have evolved two a l ternat ive  methods  for  poly­
nomials .  One,  based on the  qd a lgor i thm,  is  ment ioned above.  The o ther ,  
known as  Lehmer ' s  method^,  inc ludes  the  fo l lowing two fea tures .  Fi rs t ,  
there  is  a  bas ic  a lgor i thm which determines  whether  or  not  there  is  a  root  of  
f (Z) ,  a  polynomial  of  degree  n ,  wi th in  a  given c i rc le .  The a lgor i thm 
involves  const ruct ing a  Sturm sequence of  up  to  n  e lements  and not ing the  
number  of  s ign changes .  Second,  a  search program const ructs  c i rc les  of  
success ively  smal ler  radius  unt i l  a  root  i s  suff ic ient ly  wel l  i so la ted .  I t  i s  
then divided out  and the  process  repeated  unt i l  a l l  n  roots  have  been located .  
Al though th is  method is  des igned for  modern computers ,  i t  i s  very  suscept ib le  
to  machine  underf low or  overf low.  This  d i f f icul ty  is  prac t ica l ly  non­
exis tent  for  polynomials  of  degree  s ix  or  less ,  but  ge ts  rapidly  worse  wi th  
increas ing degree  n .  I t  can  be  a l levia ted ,  but  not  removed,  by performing 
mul t ip le-precis ion ar i thmet ic  wi th in  the  rout ine ,  inc luding a  complete  
machine  word for  the  f loat ing point  exponent .  
A commonly advocated approach is  to  replace  f (Z) ,  an  analyt ic  
funct ion,  wi th  a  polynomial  p(Z)  which approximates  f (Z)  in  the  region in  
ques t ion.  The polynomial  p(Z)  approximates  the  analyt ic  funct ion f (Z)  in  
the  respect  tha t  both  representa t ions  as  funct ions  of  Z  share  the  same zeros ,  
a l though they may not  resemble  each other  in  appearance .  The polynomial  
p(Z)  may be  an  in terpola t ing polynomial  or  s imply  a  t runcated  power  ser ies .  
The obvious  advantage  of  th is  procedure  is  rea l ized when taking in to  account  
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the  many methods  avai lable  for  f inding the  zeros  of  a  polynomial .  Once 
these  zeros  a re  found,  they may be  used as  s tar t ing  values  for  some i tera t ive  
process  to  f ind ,  more  precise ly ,  the  corresponding zeros  of  f (Z) .  The major  
d isadvantage  is  tha t  the  zeros  of  f (Z)  may bear  l i t t le  or  no re la t ion  to  those  
of  p(Z) .  An ext reme case  is  g iven by the  choice  
f (Z)  =  
In  th is  case  f (Z)  has  no zeros  in  any f in i te  region of  the  complex p lane  whi le  
p(Z)  c lear ly  has  n  zeros .  An approach of  th is  sor t  i s  descr ibed by Lehmer .^  
I t  i s  c lear  f rom the  example  g iven in  tha t  paper  tha t  i t  requires  a ler t  human 
supervis ion to  careful ly  avoid  th is  sor t  of  p i t fa l l .  
Lehmer ' s  method e l iminates  the  need for  human supervis ion and gives  a  
re l iable  resul t  in  the  sense  tha t  a l l  the  zeros  of  the  chosen analyt ic  funct ion 
wi th in  the  g iven region are  determined to  a  given accuracy.  However ,  
Lehmer ' s  method becomes qui te  labor ious  and t ime consuming s ince  the  zeros  
are  isola ted  one  a t  a  t ime and the  search rout ine  is  repeated  af ter  each zero  
is  de termined to  some predetermined accuracy.  
Lehmer  refers  to  the  Basic  Quest ion for  a  region fo l lowed by a  sub­
divis ion of  tha t  region.  The Basic  Quest ion is :  Does  a  g iven region conta in  
a t  leas t  one  root?  If  so ,  the  region is  d iv ided up in to  smal ler  subregions  and 
Page 5  
i 
the  Quest ion repeated in  each such subregion,  the process  being repeated 
unt i l  a  root  is  suff ic ient ly  isolated.  
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CHAPTER II 
BACKGROUND THEOREMS AND 
w NUMERICAL METHODS OF IMPORTANCE 
Complex Variable Theory^ 
Definition: 
A simply connected domain D is an open connected set such that 
every closed contour within it encloses only points of D. The interior of 
a closed contour is an example; but the exterior is not simply connected, 
nor is the annular region between two concentric circles. A domain which 
is not simply connected is said to be multiply connected. 
Theorem 1. (Cauchy-Goursat Theorem) If f(Z) is analytic throughout a 
simply connected domain D, then for every closed contour C within D 
Lemma 2.1 and Proof. Let ZQ and Z represent two points in a simply 
(1.1) 
connected domain D throughout which f is analytic (Figure 1). If C 
and C are two contours connecting Z to Z and lying entirely within D, 
2 o 
then C.| and C^ together form a closed contour along which the Cauchy-
Goursat Theorem applies (Theorem 1). Thus, 
PCe'ld*7-  ^Tfe')cle / '= 0 
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i .e . ,  the  in tegra l  f rom Z Q  to  Z ,  
Fo) ~ P K 1̂)̂ 1} 
Theorem 2 .  Let  C denote  a  c losed contour  and Cj  a  f in i te  number  
( j  =  1 ,  2 ,  .  .  . ,  n)  of  c losed contours  in ter ior  to  C,  such tha t  the  
in ter iors  of  Cj  have no points  in  common.  Let  R be  the  c losed region 
consis t ing  of  a l l  points  on  C and i t s  in ter ior  except  for  points  in ter ior  
to  each Cj  (Figure  2) ,  and le t  B denote  the  ent i re  or iented  boundary  
of  R,  consis t ing  of  C and a l l  Cj ,  descr ibed in  a  di rec t ion such tha t  
the  points  of  R l ie  on the  lef t  of  B.  Then,  i f  f (Z)  i s  analyt ic  in  R,  
o 
Proof .  To es tabl ish  th is  resul t ,  we in t roduce one s t ra ight  l ine  sequent  
L] ,  or  a  cont inuous  chain  of  such sequents ,  to  connect  the  outer  contour  
C to  the  inner  contour  Cy;  another ,  \ -^ i  connect  C-j  and and 
so  on -  with  L n +y connect ing C n  and C.  In  th is  manner ,  as  indicated  
by the  s ingle-barbed arrows in  Figure  2 ,  two c losed contours  and 
C 1 1  can be  formed,  each consis t ing  of  the  sequents  Lj  and pieces  of  
C and Cj ,  wi th in  and on which f  i s  analyt ic .  The Cauchy-Goursat  
Theorem (Theorem 1)  appl ies  to  f  on  and C^,  and the  sum of  the  
in tegra ls  of  f  over  and C^,  on the  lef t  of  these  contours  vanishes .  
As the  in tegra ls  in  opposi te  d i rec t ion a long Lj  cancel ,  only  the  in tegra l  
over  B remains ,  and formula  (2 .1)  fo l lows.  
Theorem 3 .  (Cauchy Integra l  Formula)  Let  f  be  analyt ic  everywhere  
wi th in  and on a  c losed contour  C.  If  Z 0  i s  any point  in ter ior  to  C,  then 
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where  the  in tegra l  i s  taken in  the  posi t ive  sense  around C.  
Proof .  Let  C be  a  c i rc le  about  Z^,  o  o  
; 
whose radius  r Q  i s  smal l  enough that  C Q  i s  in ter ior  to  C (Figure  3) .  
The funct ion f (Z)  /  (Z-Z Q )  i s  
analyt ic  a t  a l l  points  wi th in  and 
on C except  the  point  Z Q .  Hence,  
i t s  in tegra l  around the  boundary  of  
the  r ing shaped region between C 
and C Q  i s  zero ,  according to  the  
Figure  (3)  
Cauchy-Goursat  Theorem;  i . e . ,  
f 411- ii — f o Jc J, J 
where  both  in tegra ls  a re  taken counter  c lockwise .  
S ince  the  in tegra ls  around C and C Q  are  equal ,  we can wri te  
(3 .2) t i: _ , f Ktj-TCs.) 
4 4 J 
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But Z-ZQ = r0e'° on CQ and dZ = irQe'e de, so that 
(3.3) 
Az_ =r 0 j e -  =  z - i r * .  ) 
for every positive rQ. Also, f is continuous at the point ZQ. Hence, 
if we choose any positive number £ , then a positive number 5" 
exists such that 
enever 
W« take rQ equal to that number S" • Thenjz-Z0j = , and 




The absolute value of the last integral in equation (3.2) can be 
made arbitrarily small by taking rQ sufficiently small. However, since 
the other two integrals in that equation are independent of r , in view 
of equation (3.3), this one must be independent of rQ also. Its value 
must therefore be zero. Equation (3.2) then reduces to 
(3.4) -M- it - 2-iri 
i ' io J 
and the theorem is proved. 
Corollary 3.1. The derivative of an analytic function is again an analytic 
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funct ion.  
Proof .  Suppose  that  Z Q  + h is  a  point  in ter ior  to  the  s imple  c losed 
contour  C,  then ut i l iz ing the  previous  Theorem 1 we have 
\ ( \ \ 
| -
V V I I I W U I  ^  F I I I V M U I U N - M Y I I I C
_ j_ f  
^ 1-ixL Jc 
=  J _ f  
&ri  J c  
But ,  employing the  fol lowing manipula t ion,  
T&Ui 
I 
we observe  tha t  




I t  now remains  to  show that  
A. 
z^L ^ 
e  ^ (£-vf)  
C |  0  
Since  f (Z)  is  cont inuous  on C,  i t  i s  bounded on C so  tha t  | f (Z) |^^ |  
on C for  some constant  M.  Let  L denote  the  length  of  C and 
le t  r  be  the  smal les t  d is tance  f rom Z Q  to  C.  Note  that  r  y  o .  Suppose  
that  h  i s  chosen so  that  M * % .  We then have for  Z  on C,  
z-Zo |  ^  r  a n d  





T r s  
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and this  resul t -  along with the def ini t ion of  f^  (ZQ )  y ie lds  the 
fol lowing .  /\  ,  v i  
1 c*s) ~ tTo —£ ~w 
By use of  mathematical  induct ion and the previous theorem, i t  can be 
shown that  the fol lowing general  re la t ionship evolves:  
(3.5)  +  C )  ^  \ { n ' ° ' ] ' 2 - 3  > -
An immediate  consequence of  this  general  formula is  the  fol lowing 
theorem. 
Theorem 4 .  Let  f (Z)  be analyt ic  in  a  domain D.  Then a l l  the der ivat ives  
of  f (Z)  exis t  and are  analyt ic  funct ions in  D.  
Proof .  Let  ZQ  be any point  in  D,  and le t  C be a  circle  with center  a t  
Z Q  c o n t a i n e d  t o g e t h e r  w i t h  i t s  i n t e r i o r  i n  D .  T h e n  f o r  n  =  o ,  1 , 2 ,  .  .  .  ,  
we have from the general  resul t  of  the  previous theorem, equat ion (1 .5) ,  
. lyr t  r  f f e Q J t  
T = TTi Jc (J-**)"*1 ')<n = ''2 ' ; 
for a l l  Z inter ior  to  C.  Thus f (Z)  has  der ivat ives  of  a l l  orders  which are  
also analyt ic  in  a  neighborhood of  ZQ .  Since ZQ  was any point  in  D,  the 
theorem is  es tabl ished.  
Theorem 5 .  Let  S be the region bounded by the concentr ic  c i rc les  C]  
and C2 with center  a t  ZQ  with radi i  r ]  and r2 respect ively,  r- |  ^  r2« 
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Let  f (Z)  be  analyt ic  wi th in  S  and on and CThen at  each point  Z  
in  the  in ter ior  of  S ,  f (Z)  can be  represented by a  convergent  ser ies  of  
posi t ive  and negat ive  powers  of  (Z-Z Q ) ,  
, 00 ft  ̂ — A 
(5 .1)  ,  
^ IA = <S fl-1 
where  
(5 .2)  
(5 .3)  
( n  0, 1 , 2 , . . . )  a _  _L f iiflil 
" ~  y > 
T (?) J ? . (n= 1, 2, . . .) 
rta 
v - "  + l ) 
, (i-
the  in tegra l  a long and C2 being taken in  the  posi t ive  d i rec t ion 
Proof .  Let  f denote  a  point  on e i ther  C- | :  |  ^6 j ~~ 
C 2 :  l? -^K .  Let  Z  be  any point  in  the  in ter ior  of  S  
*  t  
) 
o r  o n  
Figure  (4)  
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From the Cauchy-Goursaf Theorem, we obtain 
(5.4, =— f f • 
wrt T- z-irt 
Z. V. | 
Proceeding as in connection with the Taylor series, the value of the first 
integral in (5.4) is given by 
i r KrU?  ̂
(5.5) 
ziri 
f r I 
J e .  r-i , 
«*• 
where the an are given by (5.2). 
The above relationship can be easily shown by starting with the 
following relationship, 
i I l I 
i - i  " (?-*>) •- 1^: 
Now when QU is any complex number other than unity, we note that 
5 •= I +-d-haS + a 1 r ^ ; 
| _ 0 6  I  -  < 5 L  
an identity that becomes obvious when both its members are multiplied 
by ( 1-06). H ence the above equation can be written 
•  - 1  +  T-4 f-l, 
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and therefore  
k t ) _  m i  _  
f-* f -*°  
- t - ( i -^-  KT) 
(T-%y er-̂ x?-̂  
Dividing by 2-t f  C and integrat ing each term C.C.W. around C2,  we 
see  that  
(5 .6)  '  
^•vrb 
c ,  T-*  N ^-0 ^-1 
+  *Jfy) (&) 4 - ^ n ;  
where 
MTL 
Since | z  -Z Q |  =  r  and |  J — ̂  j =  r 2  andj^-^j  £  tP ,  it  fo i l  
from (5.7) that, when K1 denotes the maximum value of |Xf)| 




r"  maM r^H /  r v  
( s - O x  0  \  
But *V -̂>  ̂ L an6 
Lim £ .* '  =  0  #  
V\—7 O 
Examining equat ion (5 .2) ,  one can see  immediate ly  that  equat ion (5 .6)  
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is just the expression on the right of equation (5.5). 
For the second integral in (5.4), we write 
i I 
(5.8)- ! 
+ V  + — +  
+ (T-^i 
(i / 'Nt^/VN -i ) 
itiplying (5.8) byM / Z-1TI )-r (jU, and integrating over C-], we obtain 




where the bn are numbers given by (5.3) and 
+ ) 
(5.10) Trt =• 
i 
•nri JCi. (J- f) 
Let K be the maximum value of N1 on C|. For on we have 
\i-f\ = |(fe-?0)-(T-^)|> | -|f- - if- r, 
Thus 
iTU __L-. <^rr, 
arr* (r-r,) 
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Since  Vj  as  • 1^"^  c6  .  Hence 
(5 .11)  
From (5 .4) ,  (5 .5)  and (5 .11)  the  theorem fol lows.  
Remark.  The ser ies  g iven in  (5 .1)  is  ca l led  the  Laurent  ser ies  expansion 
of  equat ion (5 .3)  is  ca l led  the  res idue  of  f (Z)  a t  Z  = Z Q ,  and wi l l  be  
denoted by Res  (Z Q )  or  Res  /_  f (Z) ,  Z 0 _/ .  
Def in i t ion .  A point  Z Q  i s  ca l led  a  s ingular  point  or  a  s ingular i ty  of  the  
funct ion f (Z) ,  i f  f (Z)  is  not  analyt ic  a t  Z 0 ,  but  every  neighborhood of  
Z Q  conta ins  a t  leas t  one  point  of  which f (Z)  is  analyt ic .  
Def in i t ion .  I f  there  is  some neighborhood of  a  s ingular  point  Z Q  of  a  
funct ion,  f ,  throughout  which f  i s  analyt ic ,  except  a t  the  point  i t se l f ,  
then Z Q  i s  ca l led  an  isola ted  s ingular  point  of  f .  
Remark.  I f  Z Q  i s  an  isola ted  s ingular  point  of  a  funct ion f (Z) ,  the  Laurent  
ser ies  expansion of  f (Z)  converges  for  0< ere  r  i s  the  dis tance  
of  f (Z)  in  the  annular  region S  • Observe  that  the  in tegrands  in  (5 .2)  
and (5 .3)  a re  analyt ic  funct ions  of  in  the  region 2  • 
Def in i t ion .  The coeff ic ient  
(5 .12)  
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from ZQ to the nearest singular point of f(Z) other than ZQ itself. (If 
ZQ is the only singularity, then r -CO). Utilizing (5.1) we may write 
f(Z) as 
(5.13) J) 1?r\ j 
where the coefficients an and bn are given in (5.2) and (5.3). The series 
negative powers of (Z - ZQ) in (5.13) is called the principal part of f(Z) 
at the isolated singular point ZQ. It is the part that will show the 
character of the singularity of f(Z) at ZQ. 
Definition. A function f(Z) which is analytic in a domain D, except at 
some points of D at which it has poles, is said to be meromorphic in D. 
We may consider the analytic functions in D as a special case among the 
meromorphic functions in D. 
Remark. A meromorphic function may have an essential singularity at 
Z =00 . An example of this is the function f(Z) = e-^. 
Definition. When the principal part of a meromorphic function, f, about 
some isolated singular point, ZQ, has in infinite number of terms, the 
point is called an essential singular point of the function. 
Theorem 6. (Cauchy's Residue Theorem) Let C be a simple closed contour 
and let f(Z) be analytic on C and in the interior of C except at a finite 
number of singular points Z^, Z2, . . . , Z^ contained in the interior 
Page 19 
where  the  in tegra l  a long C is  taken in  the  posi t ive  d i rec t ion.  
Proof .  Let  C- | ,  .  .  .  ,  be k  c i rc les  having centers  a t  Zy .  .  .  ,  
and such that  they a l l  l ie  in ter ior  to  C and exter ior  to  each other  as  
Note  that  the  in tegra ls  in  (6 .1)  a re  taken in  the  posi t ive  d i rec t ion.  
and the  theorem is  es tabl ished.  
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Lemma 7 .1 .  Let  f (Z)  be  analyt ic  except  for  nonessent ia l  s ingular i t ies  in  
a  bounded and c losed se t  S .  Suppose  tha t  f (Z)  is  not  ident ica l ly  zero  in  
S .  Then 
(a)  f (Z)  has  only  a  f in i te  number  of  s ingular i t ies  in  S ,  
(b)  f (Z)  has  a t  most  a  f in i te  number  of  zeros  in  S .  
Proof .  Suppose  there  were  ac tual ly  an  inf in i te  number  of  nonessent ia l  
s ingular i t ies  of  f (Z)  in  S .  Since  f (Z)  is  analyt ic  except  for  nonessent ia l  
s ingular i t ies ,  then for  each Zj ,  a  s ingular i ty  in  S ,  there  exis ts  a  neighbor­
hood of  Z;  where  f (Z)  is  analyt ic  and may be  represented in  one  of  the  
two forms 
& kl  
(7 .1)  ;  
— W=tvi  
where  a  =  a i  =  . . .  = a  i  =  0 and a  ^  O in which case  f (Z)  is  sa id  o  I m-1 m '  
to  have a  zero  of  order  (mul t ip l ic i ty)  m a t  Z = Zj ,  
_  -p  00 
(7 .2)  -? (*)  =  'T  ^~ i i )  
<-—tA=l  ;  
where  bp ^  o ,  p  ^  J and b^ =  o  for  which case  f (Z)  is  sa id  to  
have a  pole  of  order  (mul t ip l ic i ty)  jp  a t  Z  = Zj .  
Thus  each analyt ic  neighborhood of  Zj  must  be  f ree  of  any other  non­
essent ia l  s ingular i ty  Zj .  However ,  by  hypothes is  the  se t  S  is  bounded and 
c losed and cannot  poss ib ly  be  composed of  the  union of  an  inf in i te  number  
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of  open deleted neighborhoods ( i .e . ,^^ such that  Dj  =Sj  -  Zj  where 
c 
S; is  an analyt ic  neighborhood with the except ion of  the point  Z;  
contained in  S;) .  
We therefore  have a  contradict ion and conclude that  f (Z)  has  only 
> 
a f ini te  number of  s ingular i t ies  in  S and consequent ly  a t  most  a  f ini te  
number of  zeros  in  S .  
Theorem 7 .  Let  C be a  s imple c losed contour .  Let  f (Z)  be analyt ic  on C 
and meromorphic  in  the inter ior  of  C, and le t  i t  have no zeros  on C.  Then 
t l f i  >/£ 
where N and P are  the number of  zeros  and poles  respect ively of  f (Z)  
inter ior  to  C,  and the integral  is  taken in  the posi t ive direct ion along C.  
The order  of  each zero and of  each pole  is  counted in  determining N and 
P.  
Proof .  Recal l  that  the number of  zeros  and poles  of  f (Z)  inter ior  to  C is  
f ini te  (Lemma 7 .1) .  Suppose that  Z = obis  a  zero of  order  k of  f (Z) .  
Then a 0  = a]  = . . .  =  Q|<_] =  O; a^ /  O and 
oO A  
or A  
4 0 ) = (  
where \ ( Z )  is  analyt ic  a t  Z = dand A (4)  /  O and c^is  seen to  be a  
+ ^+i  (}-<£)  4-»»» -
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removable  s ingular i ty .  
- t 'O)  __ A_ ^  A*) 
- tw ~ (§-«•)  AC*)  
But  — 1 1  -  i s  analyt ic  (Theorem 4) .  Hence 
M*) 
f Vz^ a n d  \  ' has  a  s imple  pole  a t  Z  = cLwith  res idue  equal  to  k .  wr 
Now, suppose  tha t  Z  = p  is  a  pole  of  order  m of  f (Z) .  Then 
b m  /  o and b R  = o  for  n^  m and we have the  fol lowing representa t ion 
K*) = 4 ̂  4 • " + 4 TA, 
Therefore  
is  analyt ic  and 0 ,  indicat ing tha t  is  a lso  a  removable  s ingular i ty .  
We now have x  ,  
jw 
+ ( -  ~  ( j -M 
which fur ther  resul ts  in  
-w A'L»)  
• f  CO A  ̂  





f\ A t - .  
- - W [ .  
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c 
Now if and o; are the zeros and poles of f(Z) interior to the closed 
Y • # 
contour C, and and m- are their orders respectively, then 
<r • 
•tO) * 2-irt 'VSJC Poc K${ ' ) 
A (xr) . . , / 




Theorem 8 .  Assume that  we are  g iven a  region R in  the  complex p lane  
which is  bounded by the  c losed curve  C (R in ter ior  to  C) ,  then i f  f  i s  an  
analyt ic  funct ion in  the  region R,  wi th  the  except ion of  nonessent ia l  
s ingular i t ies  (zeros  but  no  poles) ,  then 
( 8 ' "  ^  V/ c <—-*=, J 
where S =9 and Z,  (k  =  1 ,  .  .  .  A )  are  the  number of  zeros  in  R and 
o  k 
the  values  of  the  zeros  in  R respect ively .  
Proof .  From the  Cauchy Integra l  Formula ,  (Theorem 3) ,  we have the  
fol lowing equat ion which ref lec ts  equat ion (1 .1) ,  
«  i  p  
(8 .2)  +0*0 "  J 
k 
From Lemma 7 .1 ,  we may represent  f  in  the  analyt ic  region around 
(where  lz-zkl< r  and r  i s  the  d is tance  f rom Z|< to  the  next  c loses t  
s ingular i ty  (zero)  )  in  the  fo l lowing way 
(8 .3)  = / ( L * C-  * (j t )  ,  
C_.  w  
where  Ao*> a n  analyt ic  funct ion in  D^ClR.  
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Let  us  consider  the  fo l lowing in tegra l  
(8-4) f  J i  
J t k  4  f r )  
where  Q ( the  number  of  zeros  in  R) .  
Then 
M - \  
$ t%) = im ( * - A O )  ~ r  A  & )  
resul t ing  in  
iM = _!!i— + >•'O). . 
J  ^  wi J<<A-4-«* 
i_ p =-T- f (K*- + m¥V 
C« 
= M TIT = 
Zirt 0/1 y 
Now, from the  Residue Theorem,  assuming that  m =  1 (no mul t ip le  
zeros)  for  a l l  the  Z,  in  R,  we have 
•  
A  -$'(5t) i , _  I  <7 
(8 .5)  
wTJc  40) w£ (C^,VJ^ Tte) 
The same equat ion (8 .5)  holds  for  m ^  1,  which can be  seen by wri t in i  
epara te  terms whenever  mul t ip l ic i ty  m y  1 for  each Z^ in  R.  
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B.  Der ivat ions  f rom Theory of  Equat ions  (8 . )  
Symmetr ic  Funct ions  (Newton 's  Formulas) :  
The sums of  powers  
s 4 = 2,*+ Z 2 i+  .  .  .  + Z n 4 
can be  expressed as  polynomials  in  the  e lementary  symmetr ic  funct ions  or ,  
which is  the  same,  in  terms of  the  coeff ic ients  of  
f (Z)  =  (Z-Z 1 )  (Z-Z 2 )  .  .  .  (Z-Z n )  = Z n  + p 1 Z n " 1  + .  .  .+p n .  
Not ice  tha t  i f  f (Z)  is  of  order  n ,  then 
f (Zj)  =  Z; n  + p^j"" 1  + .  .  .  + p n  = o;  ( i  =  1 ,  .  .  .  ,  n)  
and keeping th is  in  mind a long wi th  the  previously  def ined S^,  we see  
that  
2^ , w rv-i 
Therefore, 
5 1 +  P]  =  °#  
5 2 +  P] s i  +  2 P2 =  ° '  
s 3  +  P]S 2  +  P2 S 1 +  3 P3 =  ° '  
S n +  Pl  S n-1 •"  P2 S „-2 + -  '  • + "P„ = ° -
These  are  jus t  the  so-cal led  Newton 's  formulas .  From these  ident i t ies  we 
may ca lcula te  success ively  the  sums of  powers  S^ ,  $2 ,  •  .  .  ,  in  terms 
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of  the coeff ic ients  P^,  P 2 ,  .  .  .  ,  P of  the polynomial  
f (Z)  = (Z -  Z } )  (Z -  Z 2 ) .  .  .  (Z -  Z n )  = Z n  + PJZ"- 1  + .  .  .  + p n #  
and conversely these coeff ic ients  through S- | ,  S 2 ,  .  .  .  ,  S n .  
Related Numerical  Methods (9 . )  
Consider  evaluat ion of  a  def ini te  integral  such as  the fol lowing:  
over  a  f ini te  interval  where a  and b are  f ini te  and f(x)  is  a  cont inuous 
funct ion of  x  for  b> •  I f  w e  avoid cases  where ei ther  or  both of  the 
end points  approach inf ini ty ,  then such numerical  techniques for  
evaluat ion of  (C. l )  above fal l  in to  two classes:  
(1)  The intervals  are  chosen in  advance;  they are  usual ly  selected to  be 
equal ,  and if  the  computat ion is  to  be done "by hand" they are  
usual ly  selected so that  the end points  of  each interval  fa l l  a t  easi ly  
computable  values  of  x .  The methods in  this  category are  the 
Trapezoidal  rule  and Simpson's  rule .  
(2)  The intervals  and their  locat ion are  dictated by the analysis ,  in  the 
same sense that  we f i rs t  ask for  the  greatest  accuracy possible  with a  
given number of  intervals ,  and le t  the intervals  fa l l  wherever  this  
pr ior  requirement  dictates .  An example of  this  approach is  Gauss 's  
rule .  
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There  are  natura l ly  many other  methods  of  numerica l  in tegra t ion of  
both  types ,  but  those  of  impor tance  are  res t r ic ted  to  the  rea l  p lane  due to  
quickly  ar is ing complexi t ies  in  the  programming involved when a t tempt ing 
to  apply  such to  a  digi ta l  computer .  
Trapezoidal  Rule  
Consider  the  in tegra l  in  (C. I ) ,  which represents  the  cross-hatched 
area  in  Figure  (C.1 .1) .  We shal l  break the  in terval  in to  n  equal  in tervals ,  
each of  s ize  h  =  (b-a) /n .  Consider  now one of  those  in tervals  as  in  Figure  
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But -  i f  h  i s  smal l  enough,  then Xj  can  be  approximated fa i r ly  wel l  by  the  
area  of  the  t rapezoid  ABCD. If  we wri te  y ;  =  f (x j ) ,  the  area  of  the  
rec tangle  ABED is  h .y ; ,  and the  area  of  the  t r iangle  BEC is  ^(yj+i  ~  y ; )h ,  
so  that  
(C.3)  I ;  =  + y . + 1 ) .  
Now if  we le t  x Q  = a  and x n  = b ,  then we can represent  the  to ta l  va lue  of  
the  in tegra l  by  
VH 
(C.4)  I - J .  I ;  .  
L-0  
Correspondingly  we get  f rom (C.3)  and (C.4)  our  f ina l  resul t ,  namely  the  
Trapezoidal  ru le ,  where  
(C.5)  \  (y o  + 2y,  +  2y 2  + .  .  .  + + + y n ) .  
A re la t ive ly  s imple  modif ica t ion of  the  Trapezoidal  ru le  can be  used 
to  f ind a  bet ter  approximat ion to  the  value  of  an  in tegra l .  
I t  can  be  readi ly  shown that ,  for  an  in terval  of  s ize  h ,  the  t runcat ion 
error  incurred by dropping a l l  terms of  h  and higher  in  a  Taylor  ser ies  
expansion of  the  funct ion is  of  the  fo l lowing form 
(c .6)  e T  = C A 2 " ,  
where  C, - - it"(T) ) t • 
i  ~<L V 
I f  the  second der ivat ive  of  y  is  reasonably  constant ,  C may a lso  be  taken to  
be  a  constan  t .  
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If  we then take  a  di f ferent  s tep  s ize  k  =  (b  -  a) /m where  m  /  n .  Then 
* r  = Ck\ 
I f  we were  to  le t l^  represent  the  resul t  f rom the  Trapezoidal  ru le  us ing 
s tep  s ize  h  in  (C.5) ,  and le t  be  the  resul t  us ing a  s tep  s ize  of  k ,  then 
(C.7)  I  = I h  + Ch 2  
and 
(C.8)  l  = I k  + Ck 2 .  
I f  we subtrac t  these  two equat ions ,  we get  
(C.  9)  
k  -  h 2.  
Using (C.9)  to  replace  C in  (C.7) ,  we have f inal ly  
(C.10)I  =  ̂ +  
(k 2 /h 2  -  1)  
which is  commonly refer red  to  as  "Richardson 's  deferred  approach to  the  
l imi t" .  This  method,  when appl ied ,  enables  one  to  gain  a  fa i r ly  accura te  
approximat ion to  the  in tegra l ,  J ,  wi thout  a t tempt ing evaluat ion wi th  
another  s tep  s ize .  
Simpson 's  Rule  
Very s imi lar  to  the  Trapezoidal  ru le  in  d iv iding the  to ta l  in terval  in to  
many smal ler  in tervals  and approximat ing the  area  under  them,  yet  
d i f ferent  in  tha t  a  parabola  is  passed through the  three  ordinates  of  the  two 
adjoining in tervals ,  i s  the  famil iar  Simpson 's  ru le .  Whereas ,  the  
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Trapezoidal  ru le  is  exact  for  f i rs t -degree  polynomials ,  S impson 's  ru le  is  
exact  for  th i rd-degree  polynomials  or  lower .  I t  i s  therefore  a  ra ther  
accura te  method for  the  ef for t  required ,  and the  formula  is  not  
s igni f icant ly  more  complex than that  for  the  Trapezoidal  ru le .  These  
character is t ics  account  for  the  wide  usage of  the  method.  
Recal l  tha t  the  number  of  in tervals  n  in  the  Trapezoidal  ru le  was  
g iven by b _ Q  
n =  
h 
Suppose  now that  n  i s  even and le t  
(C. l l )  k  =  2h.  
Then 
(C.12)  q )  = 5(y o  + 2y, + 2y 2 + .  .  .  + 2y n _ 2 + 2y n _ ) + y n )  
(C.  13)  I k  = h (y Q  + + 2y 2  + .  .  .  + 2y^ 2  + + y n ) .  
Equat ions  (C. l l ) ,  (C.12)  and (C.13)  can be  subst i tu ted  in to  (C.10) ,  as  
fo l lows:  
1=1 
t f - '  
h 2  
= h (!i_ + y, + y2 + • • • + V2 + Vi+—) 
2 2 
+  + y l  + y 2 + •  •  •  +  y n-2 + y n- l  +  y n )  
V  T "T 3 3  6  
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-y  -2y 0 -  •  •  •  -2y  0  -y  
+ h  (—2.  2  n-2  J_a)  
3  3  3  3  
= +  '  '  ' +  2 V2-. 4 y n-]  +  y n )  
3  3  3  3  3  3  
and f inal ly  
(C.14)  1= 3  (y Q  + 4 y ]  + 2y 2 + .  .  .  + 2y n _ 2  + 4y n _. ,  +  y n ) .  
At  the  expense  of  considerably  more  ef for t  we could  have ar r ived a t  
th is  formula  by f inding the  equat ion of  the  parabola  tha t  passes  through 
the  three  ordinates  of  two adjacent  in tervals  and adding a l l  such groups;  
th is  method is  va luable  in  reveal ing how Simpson 's  ru le  compares  
geometr ica l ly  wi th  the  Trapezoidal  ru le .  
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CHAPTER III  
METHOD 
The approach taken to  f ind the  zeros  of  a  given complex funct ion is  
more  or  less  p iecemeal  in  the  sense  tha t  cer ta in  numerica l  methods  have been 
se lec ted  in  compl iance  wi th  the  formal is t ic  approach and appropr ia te ly  f i t ted  
in  order  to  a t ta in  the  des i red  resul t .  The method of  a t tack resembles  tha t  
3  descr ibed by L.  M.  Delves  and J .  N.  Lyness  ,  dif fer ing bas ica l ly  in  the  
geometr ic  approach to  subdivis ion of  regions  and the  f inal  method of  evaluat ing 
the  exis t ing  zeros  in  a  given region.  
The method which wi l l  be  ref lec ted  now and in  the  remainder  of  th is  
s tudy is  des igned speci f ica l ly  to  remove any need for  human supervis ion and to  
g ive  re l iable  resul ts  in  the  sense  tha t  a l l  the  zeros  of  the  g iven analyt ic  
funct ion wi th in  the  given region are  descr ibed to  a  given accuracy.  
5  
There  is  a  s t rong family  resemblance  to  Lehmer ' s  method ,  in  tha t  i t  
involves  the  re i tera t ion of  what  Lehmer  refers  to  as  a  Basic  Quest ion for  a  
region,  fo l lowed by a  subdivis ion of  tha t  region.  For  Lehmer ,  the  Basic  
Quest ion is :  Does  a  given region conta in  a t  leas t  one  root?  If  the  answer  is  
yes ,  the  region is  covered by smal ler  subregions  and the  ques t ion is  asked in  
each of  these ,  the  process  being repeated  unt i l  a  root  i s  suff ic ient ly  t ight ly  
bracketed.  The Basic  Quest ion in  th is  paper  is  the  fo l lowing:  
How many zeros  (of  the  analyt ic  funct ion,  f (Z))does  the  region conta in?  
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If  the  answer  is  grea ter  than a  preass igned number  M,  the  region is  
subdivided sui tably  and the  ques t ion is  asked again .  If  there  are  as  few as  M 
zeros  in  the  region,  a  polynomial  i s  const ructed  wi th  the  a id  of  the  so-cal led  
Newton 's  Ident i t ies  having the  same zeros  wi th in  the  region as  the  prescr ibed 
analyt ic  funct ion,  f (Z) ,  and these  zeros  a re  obta ined by solving the  polynomial .  
Hence the  method isola tes  up to  M zeros  s imul taneously  ra ther  than one  as  does  
Lehmer ' s  method;  and the  Basic  Quest ion is  asked very  few t imes ,  s ince  these  
M roots  a re  local ized by solving a  polynomial  ra ther  than by success ive  sub­
divis ion of  a  region.  On the  other  hand,  the  const ruct ion of  the  polynomial  
i s  re la t ive ly  expensive .  
Both  the  determinat ion of  the  number  of  zeros  and the  const ruct ion of  
the  polynomial  depend on the  expl ic i t  use  of  Cauchy 's  Theorem;  speci f ica l ly ,  
we proceed as  fo l lows:  
Suppose  tha t  we consider  some complex funct ion f (Z)  tha t  has  
s ingular i t ies  but  no  poles  in  some region of  the  complex p lane .  Then i f  C is  
some c losed curve  in  th is  region which does  not  pass  through any zeros  of  f (Z) ,  
we may f ind solut ions  S Q ,  S^ ,  .  .  .  ,  S^j  to  equat ion (8 .1)  in  Theorem 8  of  
Chapter  II  by  employing some numerica l  in tegra t ion method that  y ie lds  
reasonable  resul ts  ("5  being equal  to  the  number  of  zeros  in  R) .  Once these  
values  for  S j ,  ( i  =  1 ,  .  .  .  ,  )  have been obta ined,  then we may wri te  
down a  polynomial  p(Z)  of  degree  s )  whose  zeros  coincide  wi th  the  zeros  of  
f (Z)  in  R ( i .e . ,  the  zeros  of  p(Z)  coincide  wi th  those  of  f (Z)  to  some pre-
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scr ibed accuracy dependent  upon the  precis ion of  the  resul ts  of  the  numerica l  
in tegra t ions  involved) .  We obta in  such a  polynomial  p(Z)  f rom the  values  of  
S n  and Newton 's  Formulas  as  expla ined in  Par t  B of  Chapter  I I .  These  S n  
values  g ive  us  precise ly  the  coeff ic ients  of  the  polynomial  p(Z)  and we have 
methods  avai lable  for  solving polynomials  ( rea l  and complex) .  
We should  perhaps  note  tha t  p(Z)  is  in  no  sense  required  to  be  an  
approximat ing polynomial  to  f (Z) ;  i t  merely  shares  zeros  wi th  f (Z)  and has  the  
computa t ional  advantage  that ,  provided ^  is  suff ic ient ly  smal l ,  we may 
regard  the  ca lcula t ion of  i t s  zeros  as  s tandard  procedure .  Of  course  f (Z)  may 
have many zeros  in  the  g iven region R.  In  th is  case ,  the  polynomial  p(Z)  is  
of  h igh degree ,  and may wel  I be  very  i  11 condi t ioned .  We would  have to  
determine the  S n  to  h igh accuracy for  the  root  of  the  resul t ing  polynomial  to  
adequate ly  approximate  those  of  f (Z) ,  and then mainta in  th is  accuracy in  the  
solut ion of  p(Z) .  We would  avoid  th is  d i f f icul ty  as  i t  a rose  by subdividing R 
in to  regions  each of  which conta ins  only  a  few zeros .  Thus  the  method fa l l s  
in to  four  sec t ions :  
1 .  Evaluate  the  number  of  roots  S  =  in  the  region.  I f  th is  number  o  
is  less  than or  equal  to  M,  evaluate  a lso  S^,  S^ ,  •  •  •  ,  
and carry  on to  sect ion (3) .  I f  not ,  
2 .  Subdivide  the  region in to  smal ler  subregions  and do (1)  on  each in  
turn .  
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3 .  Given a  sui t -able  region and the  evaluated  S n  values ,  const ruct  
and solve  the  equivalent  polynomial  p(Z) .  
*4 .  An opt ional  sec t ion which takes  the  roots  of  p(Z)  as  approximat ions  
to  the  zeros  of  f (Z)  and ref ines  these  us ing an  i tera t ive  method on 
the  or ig inal  funct ion f (Z) .  
*  This  s tep  was  necessary  as  expla ined in  Chapter  IV.  
There  is  a  choice  between two bas ic  types  of  geometr ica l  regions  to  
work wi th  in  the  appl ica t ion of  th is  method,  namely  c i rc les  and squares .  
Al though the  c i rc le  method approach converges  much fas ter ,  the  programming 
is  much more  complex due to  the  complexi ty  of  the  re la t ing  theory .  Therefore  
the  square  method was  chosen.  
5^  4  Z) ~ 
The funct ion f (Z)  =  — -  sin  (32Z)  was  chosen,  and a  plot  of  g(Z)  =  — 
and h(Z)  =  s in^  (32Z) ,  wi th  Z = x+iy  and y  =  o ,  is  inc luded in  the  i l lus t ra t ions  
i 
(page 44) ,  the  d i f ference  between the  two funct ions ,  of  course ,  be ing f (Z) .  
The funct ions  g(Z)  and h(Z)  were  p lot ted  separa te ly  for  descr ip t ive  purposes  
because  the  d i f ference ,  g(Z)  -  h(Z) ,  g ives  some rea l  zeros  of  f (Z)  which can 
be  observed on the  graph.  This  p lo t  was  a lso  made as  a  poss ib le  a id  in  
se lec t ing the  regions  to  in ter rogate .  
The bas ic  technique was  to  input  coordinates  corresponding to  the  four  
(4)  corners  of  a  square  represent ing the  genera l  region of  in teres t  before  sub­
divis ion of  such a  region.  Other  inputs  were  to lerances  to  tes t  convergence  
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of  numerica l  in tegra t ion methods ,  codes  to  se lec t  numerica l  method of  
in tegra t ion (Trapezoidal  Rule  or  Simpson 's  Rule)  and the  i te ra t ive  method for  
solut ion to  the  polynomial  p(Z)  representa t ive  of  the  funct ion f (Z) .  Also ,  an  
upper  bound to  the  number  of  i te ra t ions  a l lowed was  included as  an  input .  
The main  computer  program consis ts  of  two poss ib le  in tegra t ion methods  
(Trapezoidal  Rule  and Simpson 's  Rule)  wi th  the  added capabi l i ty  of  saving the  
coordinates  of  the  or ig inal  region to  obta in  the  des i red  coordinates  needed 
af ter  subdivis ion of  the  or ig inal  region so  that  each of  the  subregions  might  be  
in ter rogated separa te ly .  
The main  program cal ls  severa l  subprograms to  ca lcula te  values  of  Sj  for  
^  equal  to  the  number  of  zeros) ,  coeff ic ients  of  the  polynomial  
p(Z)  f rom the  values  of  S ; ,  ( i  =  1 ,  .  .  .  ,  N ) ,  and the  zeros  of  the  polynomial  
p(Z) .  
The upper  bound on the  number  of  zeros  a l lowed in  a  given region was  
se lec ted  to  be  M = 6 .  
The main  program also  incorporates  Richardson 's  deferred  approach to  the  




The funct ion,  f (Z)  =— -  sin^  (32Z) ,  chosen as  a  sample  problem 
4  
yie lded ins t ruct ive  resul ts .  Both  Simpson 's  ru le  and the  Trapezoidal  ru le  
were  exper imented wi th  in  regard  to  the i r  respect ive  ra tes  of  convergence  
and Richardson 's  deferred  approach was  included wi th  the  Trapezoidal  ru le  to  
gain  an  approximat ion to  the  next  es t imate  of  the  in tegra l  around the  pre­
scr ibed region,  avoiding the  necess i ty  of  doubl ing the  number  of  panels  and 
repeat ing the  in tegra t ion around the  ent i re  region.  
The use  of  Richardson 's  deferred  approach to  the  l imi t  tended to  g ive  a  
more  l ibera l  es t imate  to  the  t rue  value  of  the  l imi t ,  whereas ,  excluding 
Richardson 's  deferred  approach,and again  doubl ing the  number  of  panels ,  
produced a  much conservat ive  es t imate  and added only  one more  decimal  
p lace  to  the  accuracy of  the  ac tual  va lue  of  the  l imi t .  
The coeff ic ients  of  the  polynomial  p(Z)  turned out  to  be  rea l  for  the  
par t icular  funct ion descr ibed in  the  remainder  of  th is  paper  because  there  were  
ac tual ly  f ive  (5)  zeros  in  the  region descr ibed ( three  (3)  rea l  and two (2)  
complex zeros)  and the  imaginary  par ts  of  the  complex zeros  cancel led  each 
other  s ince  they were  conjugates  and both  conta ined in  the  region R in  
ques t ion.  Therefore ,  when ca lcula t ing S- | ,  the  resul t  was  a  rea l  quant i ty .  
Hence a l l  o ther  values ,  S^ ,  (k  =  2 ,  .  .  .  ,  \> )  were  der ived by back 
/ 
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subst i tu t ion f rom the  previous  values  of  S^,  and were  a lso  rea l  quant i t ies .  The 
coeff ic ients  of  the  polynomial  p(Z)  turned out  to  be  rea l  s ince  they were  
der ived sole ly  f rom the  values  of  S^ ,  (k=l ,  .  .  .  ,  ) .  However ,  i t  i s  not  
the  case ,  in  genera l ,  tha t  a l l  the  coeff ic ients  of  the  polynomial ,  p(Z) ,  turn  
out  to  be  rea l .  
The computer  program using both  the  Trapezoidal  ru le  and Simpson 's  ru le  
was  checked out  in  the  uni t  square  around the  or ig in  wi th  the  funct ion f (Z)  =  
2 Z .  There  a re ,  of  course ,  two such zeros  in  th is  region,  namely  the  double t  
a t  Z  = o ,  and the  resul ts  of  the  computer  program were  in  agreement  wi th  th is  
previously  known resul t .  
A graph of  the  region chosen for  the  zero  search of  the  funct ion f (Z)  =  
-  s in^  (32Z)  is  inc luded on page 44 and the  or ig inal  coordinates  of  the  
4  
region were  (0 .8 ,  1 .25) ,  (0 .2 ,  1 .25) ,  (0 .2 ,  -  0.25)  and (0 .8 ,  -0 .25) .  
By means  of  the  search rout ine ,  i t  was  found that  there  were  twenty-four  
(24)  z e r o s  i n  t h e  e n t i r e  r e g i o n  a n d ,  a f t e r  t h e  f i r s t  s u b d i v i s i o n ,  r e g i o n s  i ,  I I ,  I I I  
and IV had no zeros ,  no  zeros ,  twelve  (12)  zeros  and twelve  (12)  zeros  
respect ively .  Af ter  the  second subdivis ion on region I I I ,  the  f i rs t  two quadrants  
had no zeros  and the  th i rd  quadrant  had f ive  (5)  zeros .  (See  output  resul ts ,  
pages  45  -  63) .  
A pr in t  out  of  the  resul ts  reveal ing the  number  of  zeros  in  each region 
and the  coeff ic ients  of  the  polynomial  p(Z)  is  a lso  included on pages  66  -  79.  
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Using the coeff ic ients  of  the polynomial  p(Z)  in  the computer  output  
resul ts ,  a l l  of  which up to  this  point  were obtained from an 1BM-360,  Model  
65 Computer  System, and the a id  of  the Bairs tow-Hitchcock i terat ive method 
(10) ,  the  zero values  were as  fol lows:  
The Bairs tow-Hitchcock i terat ive method was avai lable  on a  General  
Electr ic  t ime shar ing system and f i f ty  (50)  i terat ions were required to  a t ta in  
convergence for  the zero values  l is ted above.  
Upon subst i tut ion of  the  above zeros  into the or iginal  funct ion,  f (Z) ,  
the fol lowing resul ts  were obtained from a  Univac 1108 Computer  System: 
Z = 0.323398 
Z 2  = 0.267487 
Z 3  = 0.221722 
Z 4  = 0.294161 + i  (0 .0224264)  
Z 5  = 0.294161 -  i (0 .0224264) .  
Z f(Z)  
z -  .0012580119 
-  .0014123507 
Z -  .000058248639 
3  
Z,  0.36770120 + 0.02803299 i  
'4  
Z 5  0.36770120 -  0.02803299 i  
Al though the funct ional  value of  the root  Z^ is  fa i r ly  c lose to  zero,  i t  
appeared,  in  general ,  that  these roots  obtained from the polynomial  p(Z)  were 
/ 
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only crude approximations to  the actual  zeros  of  the funct ion f(Z)  = 4  -  sin 
(32Z).  Therefore ,  these roots  (zeros)  obtained from the polynomial  p(Z)  were 
used as  s tar t ing values  using the Newton-Raphson I terat ive Method on the 
or iginal  funct ion f (Z) .  This  task was accomplished again on a  Univac 1108 
Computer  System, and the resul ts  were the fol lowing:  
No.  
of  
i  Z-  I terat ions f (Z)  
1 0 .32336485 1 -0 .56251884 x 10~ 6  
2 0.26752429 1 -0 .15199184 x 10 _ 5  
3 0.22172020 1 0 .10430813 x 10 - 6  
4 -0.56752469 x 10" 9  -  i(0.57639226 x  10" 1 0 )  2  Zero 
5  -0.56752469 x 10~ 9  + i(0.57639226 x 10" 1 0 )  2  Zero 
The above resul ts  appear  to  be acceptable  a t  least  for  the real  roots  
( i .e . ,  those zeros  with imaginary par t  equal  to  zero) ,  however ,  the  imaginary 
root  and i ts  complex conjugate  converged to  zero and thus outs ide of  the 
or iginal  search area with coordinates  (0 .8 ,  1 .25) ,  (0 .2 ,  1 .25) ,  (0 .2 ,  -  0.25)  
and (0.8,  -  0.25) .  This  was due to  the fact  that  the s tar t ing values  were not  
a  close enough est imate  to  the actual  value of  those zeros  in  the region 
prescr ibed,  and the zero root  was approached instead.  
The resul ts  of  the appl icat ion of  Richardson 's  deferred approach to  the 
l i m i t  c a n  b e  f o u n d  o n  p a g e s  6 4  a n d  6 5  o f  t h e  E x h i b i t s  i n  C h a p t e r  V I .  
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The regions  tha t  were  in ter rogated for  zeros  are  dis t inguished by a  digi t  
in  the  center  of  each square  region represent ing the  number  of  zeros  found in  
each region by th is  search method,  (page 44)  The red  cross-hatched region is  
the  region that  was  f inai ly  chosen to  s tudy the  appl ica t ion and resul ts  of  th is  




The par t icular  funct ion that  was  exper imented wi th  is  only  one  of  many 
that  could  have been used to  i l lus t ra te  th is  search technique.  
One important  conclus ion that  can be  drawn from th is  technique is  tha t  
i t  works  and can be  appl ied  to  unstable  sys tems in  c i rcui t  analys is .  For  
example ,  in  a  good many e lec t r ica l  sys tems involving feedback,  uns table  
condi t ions  ar ise  and these  ins tabi l i t ies  a re  jus t  those  zeros  of  the  Laplace  
t ransform,  appear ing as  a  polynomial ,  and represent ing the  behavior  of  the  
sys tem a t ,  or  in  the  region of  the  ins tabi l i ty .  
Final ly ,  we can conclude that  th is  technique is  advantageous  over  
Lehmer ' s  method in  tha t  up to  s ix  zeros  can be  isola ted  a t  one  t ime,  whereas  
Lehmer ' s  method ^  requires  many more  subdivis ions  to  i sola te  only  one  zero .  
However ,  wi th  th is  method jus t  descr ibed,a  polynomial  (up to  6 th  degree)  
remains  to  be  solved by i tera t ive  methods  which require  addi t ional  necessary  
ca lcula t ions .  
As a  f inal  comment ,  i t  might  be  added that  solving a  polynomial  of  
degree  s ix  or  less  by  i tera t ive  methods  is  much more  advantageous  when the  
resul t  renders  up  to  s ix  zeros  as  opposed to  one  by Lehmer ' s  method^.  
The in tent  here  is  not  to  cr i t ic ize  Lehmer ' s  method,  but  ra ther  to  
present  another  approach to  the  problem of  f inding the  zeros  of  a  complex 
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